
NOTATION 

a, b = constants, Equation ( 3 )  
Ho = enthalpy of ideal gas, B.t.u./lb.-mole 
H = enthalpy, B.t.u./lb.-mole 
P = pressure, Ib./sq. in. abs. 
R = gas constant 
T = absolute temperature, O R .  

D = molar volume 
z = compressibility factor 

Greek Letters 
K = constant, Equation ( 3 )  
T 

Su brcripts 
c = critical 

= internal pressure, lb./sq. in. abs. 

T = constant temperature 
z, = constant volume 
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Heat and Mass Transfer for 
Turbulent Pipe Flow 

G. A. HUGHMARK 
Ethyl Corporation, Baton Rouge, Louisiana 70821 

Heat and mass transfer coefficients for turbulent flow in 
smooth circular pipes have been represented by empirical 
equations of the form 

N N u  = a ( N R e )  (NPr)‘  (1) 
with various values of the constants a, b, and c to correlate 
experimental data. 

EARLY RESEARCH 

The equations of Colburn (1 ) , Dittus and Boelter (2 ) ,  
Drexel and McAdams ( 3 ) ,  and Sieder and Tate ( 4 )  are 
representative of the significant differences in the constants 
for Equation ( 1). These constants represent data for fluids 
with Prandtl numbers with the approximate range of 1 
to 100. Interest in liquid metals as heat transfer media 
resulted in experimental data which showed that these 
data for very low Prandtl number fluids could not be pre- 
dicted by correlations of the form of Equation (1). This 
difference occurs because the wall region, with character- 
istics of laminar flow, provides the resistance for heat trans- 
fer with Prandtl numbers greater than one, but the fully 
turbulent core region represents much of the resistance for 
the liquid metals. 

The velocity profile was subdivided by von Karman 

Correspondence concerning this article should be addressed to Dr. 
G. A. Hughrnark. 

( 5 )  into three regions: laminar, buffer, and turbulent core. 
The velocity data of Nikuradse (6) were used to deter- 
mine the eddy diffusivity for momentum as a function of 
the dimensionless radial distance, and an equation was 
derived to relate the Stanton number to the friction factor 
and Prandtl number. Martinelli (7)  extended the concept 
of von Karman to include the core region and to use the 
velocity profile to obtain temperature profiles at uniform 
flux to predict heat transfer coefficients. Martinelli‘s as- 
sumptions were: 

1. The “laminar sublayer” corresponds to y+ from 0 to 
5 and eII = 0. 

2. A buffer layer for y+ from 5 to 30 and cH = cv.  
3. The turbulent core for y+ greater than 30 and cII  

Inclusion of the core region provided the basis for pre- 
diction of heat transfer coefficients for liquid metals in 
addition to the Prandtl number range of 1 to 10 that was 
adequately represented by the von Karman equation. Ex- 
perimental data for mass transfer showed that the von 
Karman equation underestimates the transfer rate because 
turbulence exists in the laminar sublayer. Lin, Moulton, 
and Putnam (8) recognized this sublayer turbulence and 
suggested introduction of an eddy of magnitude e / v  = 
0.00033 ( y + ) into the laminar sublayer. Kropholler and 
Carr (9) used this eddy representation with a four-region 
velocity profile to develop a heat and mass transfer corre- 
lation. Equal diffusivities were assumed for momentum, 
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heat, and mass. 
Hughmark (10) extended the velocity profile analysis 

to include numerical integration of a six region velocity 
profile with the Marchello and Toor mixing model for 
thermal and mass diffusivi in the wall region and equal 

integration provided the flexibility to consider the local 
apparent viscosity as a function of the local shearing stress 
for non-Newtonian fluids and for the local physical prop- 
erties as a function of temperature. The purpose of this 
paper is to utilize recent work to improve this model. 

thermal and momentum di x usivity in the core. Numerical 
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EDDY DlFFUSlVlTY IN T H E  CORE REGION 

Many models have been proposed for the relationship of 
the eddy diffusivities for heat and momentum in the core 
region, Jenkins (11) and Azer and Chao (12) have used 
mixing length models. Deissler (13) analyzed turbulent 
heat transfer and temperature fluctuations in a field with 
uniform velocity and temperature gradients. He also ob- 
tained the eddy dausivity ratio for heat and mass and 
showed that the ratio approaches unity at  high velocity 
gradients, regardless of the value of the Prandtl number. 
Tyldesley and Silver ( 1 4 )  proposed a fluid entity model. 
Goldman and Marchello (1 5 )  experimentally determined 
eddy diffusivities for mass with a point source technique 
and used these data to develop a model of the form 
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Baldwin and Walsh (16) obtained data for air with a 

(3)  

line source of heat and showed that the equation 

QH + K = 0.0021 a uC 

applied for the experimental range of Reynolds numbers, 
280,OO to 640,000. This is consistent with Taylor's (17) 
reasoning by dimensional analysis that the group ~,/2u,a 
should be a function of pipe Reynolds number. Experi- 
mental data indicate that the group has a constant value 
at high Reynolds numbers. Johnk and Hanratty (17) re- 
ported temperature profile data for air in the Reynolds 
number range of 18,000 to 71,000 and correlated the core 
diffusivity data by the equation 

e H +  K =0.081 u u* (4) 

Equation (4)  is derived with the assumption of constant 
eddy diffusivity for momentum and heat in the core region. 

These models represent a wide range of values for the 
eddy diffusivity for heat at similar conditions. A compari- 
son of calculated difhsivities shows this range. Such a 
comparison first requires calculation of the eddy dausivity 
for momentum. This is obtained from the velocity profile 
which appears to be best represented by the Bogue and 
Metzner (18) equation for Newtonian and non-Newtonian 
fluids 

u+ = 5.57 log10 yf + 5.57 - c(6, f )  ( 5 )  

Johnk and Hanratty assumed that the eddy diffusivity 
for momentum is constant for the core region. Another 
model can be derived with the relationship 

E,, + v = a / T n  

for the core region. Thus, the equation for momentum 
transport is 

T a du 
p T" d? 

(7)  

(8) - 
- _ A -  

With linear variation in shear stress, Equation (8) is 
integrated to obtain 

( 2  + n)a  p gc a uc w+. (9) 
u - uc TO a(2fn) - -- 

UC 

Velocity profiles for the core obtained from Equations 
( 5 )  and (6) for the Reynolds number range of 10,000 to 
70,000 are represented by 

- uc - u = 0.29 ( T yg 
UC \ a /  

Solution of Equations (7 ) ,  (9),  and (10) results in the 
equation for the eddy diffusivity for momentum 

1.78 uo2 u (;)O.I 
s , + v =  (11) 

UC 

Eddy Diffusivity Ratios 
Table 1 shows calculated values of the eddy diffusivity 

ratio for Prandtl numbers of 0.029 and 14.3 which repre- 

AlChE Journal (Vol. 17, No. 4) 

r/o 
Fig. 1 .  Eddy diffusivity ratio from temperature profile data. 

July, 1971 Page 903 



sents extrapolation for the last three models in the table. A 
wide range of calculated values are observed for the vari- 
ous models. Experimental temperature profiles have been 
obtained at constant heat flux for several fluids, which pro- 
vides a means of determining the eddy diffusivity for heat 
as a function of radial position in a circular conduit. Such 
data have been obtained for mercury and alkali metals, 
but a comparison of the data shows wide differences in 
the eddy diffusivities for apparently similar conditions. 
Buhr, Carr, and Balzhiser (19) determined temperature 
profiles for the NaK eutectic and mercury in an attempt to 
resolve the experimental discrepancies. They concluded 
that the differences are a result of a distorting free con- 
vection effect and that this may occur for mercury at 
Reynolds numbers of at least 50,000. Their profile data for 
the NaK eutectic appear to be free of this distortion and 
are useful in evaluation of the eddy diffusivity for heat. 

Other temperature profile data are reported by Johnk 
and Hanratty for air and by Gowen and Smith ( 2 0 )  for 
water and 30% ethylene glycol in water. Eddy diffusivities 
for heat have been calculated from these profile data and 
eddy diffusivities for momentum using the Bogue and 
Metzner velocity profile equations. The eddy diffusivity 
ratios obtained in this manner are shown as a function of 
radial position for all data in which y+ > 35. The liquid 
metal data appear to be consistent with the higher Prandtl 
number data. Also with consideration of the error in both 
diffusivities, it appears that e H / c , ,  = 1 is a good assump- 
tion. Comparison with Table 1 shows that the Johnk and 
Hanratty model gives the only values that are consistent 
with the data shown by Figure 1. 

Specific Core Areas 

Experimental data for diffusion in the core can be com- 
pared with the eddy diffusivity for momentum integrated 
to represent specific core areas. An integrated value for the 
eddy diffusivity for momentum was calculated from the 
velocity profile represented by the Bogue and Metzner 
equation for a core area with a radius of 25% of the pipe 
radius. Turbulent Peclet numbers ( D u J E )  calculated 
from these diffusivities at several Reynolds numbers are 
shown by Table 2. 

Baldwin and Walsh obtained data for the mean tem- 
perature profile in air downstream from a line source of 
heat for diffusion in a core area representing about 25% 
of the pipe radius. Becker, Rosensweig, and Gwozdz (21 ) 
analyzed the dispersion of a smoke tracer in air from a 
point source on the pipe center line and also for a core 
for 2*5% of the pipe radius. Towle and Shenvood ( 2 2 )  
and Flint ( 2 3 )  obtained data for the core dispersion of 
carbon dioxide and hydrogen in air. Mickelson ( 2 4 )  re- 
ported data for helium in air and Goldman and Marchello 
(15 )  for helium, carbon dioxide, and n-octane in air. Kada 
( 2 3 )  obtained data for potassium chloride solution in 
water. Turbulent Peclet numbers from these data are 
summarized in Table 3. 

TABLE 1. CALCULATED VALUES OF E H / E ~  

Reference 
Prandtl number 

0.029 14.3 

Jenkins 1.8. 0.7 

Marchello and Toor 0.21 3.6 
Tyldesley and Silver 0.12 1.47 
Goldman and Marchello 0.034 0.67 

0.75 0.75 Baldwin and Walsh 

Azer and Chao 0.43 1.2 

1.2 Johnk and Hanratty 1.22 

TABLE 2. CALCULATED TURBULENT PECLET NUMBERS 

Reynolds number Turbulent Peclet number 

15,000 
100,000 
200,000 
500,000 

670 
750 
775 
780 

Problems Encountered 
Disturbance of the flow by the source and detection 

device and the contribution of molecular diffusivity are 
problems encountered in obtaining these experimental 
data. Becker, Rosensweig, and Gwozdz minimized flow 
disturbance and used submicron size oil droplets as the 
diffusing material with a negligible molecular diffusivity. 
As shown in Table 2, these data represent a Reynolds num- 
ber region in which the field of turbulence is nearly homo- 
geneous and isotropic. The Baldwin and Walsh data also 
represent a Reynolds number with a nearly homogeneous 
and isotropic field of turbulence and a relatively high eddy 
cliffusivity in comparison to the molecular thermal dif- 
fusivity. These data are in reasonable agreement with the 
Becker et al. data. The other data show variations in the 
turbulent Peclet number which may be a result of flow 
disturbance, assumption of additive molecular and eddy 
diffusivities for dispersion in the core, or lack of a homo- 
geneous and isotropic field which is indicated by Table 2 
for the lower Reynolds numbers. Thus, eddy diffusivities 
calculated from the Bogue and Metzner equation are about 
10% less than the best experimental data for the core 
region. 

EDDY DlFFUSlVlTY IN THE WALL REGION 

Hughmark (25 )  analyzed heat and mass transfer in the 
wall region. The conclusion from this work is that an eddy 
diffusivity model and a parallel conductance model appear 
to represent heat and mass transfer data. The eddy diffu- 
sivity model is also shown to be derived for developing 
flow in the laminar sublayer. Sirkar and Hanratty ( 2 6 )  
recently reported experimental data for the transverse 
shear stress fluctuations in the wall region which indicate: 

- nu = 9.1 x 10-3 
U Q 2  

Popovich and Hummel ( 2 7 )  observed that the most 
probable thickness for the laminar sublayer in turbulent 
pipe flow is y+ = 4.3 and that turbulence always exists 
beyond y+ = 34.6. Their observations, together with the 
recent data by Sirkar and Hanratty, suggest a re-evaluation 
of the developing flow-eddy diffusivity model. 

Assumption of a boundary layer of y+ = 4.3 and an 
average velocity for the boundary layer of uQ = 2.15 with 
the fluctuation frequency from Equation (12) yields a 

TABLE 3. EXPERIMENTAL TUR~ULENT PECLET NUMBERS 

Reference 

Turbulent 
Peclet 

Reynolds number number 

Baldwin and Walsh 220,000-480,000 890-1000 

Towle and Shemood 24,000-118,000 630-850 
Flint 10,000- 86,000 870-1550 
Mickelson 170,000-270,000 800-1200 

Becker, Rosensweig, and Gwozdz 481,000-684,000 852 

Goldman and Marchello (He) 11,000- 23,000 1050-1500 
Goldman and Marchello (COz) 12,000- 25,000 320-570 
Goldman and Marchello (CsHls) 11,000- 25,000 190-350 
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flow and a flat plate boundary layer at zero incidence. The 
pressure drop relationship is also of interest. Blasius (31)  
reported the dimensionless shearing stress for a flat plate 

.- 

V 

Fig. 2. Eddy diffusivity for the transition region. 

distance that the laminar layer travels between fluctuations 

v 
x = 236 - 

UQ 

Howarth ( 2 8 )  presents the reduced velocity u/U,  for 
the boundary layer along a flat plate at zero incidence as a 
function of the dimensionless distance from the plate, 9 = 
y\/U,/~x.  Substitution of y = y+ v / u " ,  x from Equation 
(13), and U ,  = 13 uQ which corresponds to y+ = 35 to 
obtain 

7 = y fl? = 0.235 y+  

for turbulent pipe flow. The reduced velocity for the wall 
region of turbulent pipe flow can then be compared with 
the reduced velocity for a flat plate boundary layer at zero 
incidence. This comparison shows that the two profiles 
coincide from y+ = 0 to y+ = 4.3. The profiles diverge 
beyond y+ = 4.3, with the turbulent flow velocity less 
than that for the boundary layer at zero incidence. 

Heat and mass transfer relationships for the boundary 
layer in turbulent pipe flow can then be analyzed. Pohl- 
hausen (29) derived the heat transfer equation for laminar 
flow on a plate at zero incidence as 

which can be expressed in mass transfer terms as 

x u. 1'2 

(14) 
kx - = 0.332 ( y ) 
D ( N S ~ ) " ~  

Substitution of x from Equation (13) and U, = 13u" 
yields 

k = 0.078 U' Nsc-2'3 

which is in excellent agreement with the equation obtained 
from the mass transfer data of Harriott and Hamilton (30) 

k = 0.0816 U* Nsc-2'3 (15) 
The comparison of the velocity profiles and the mass 

transfer analysis indicates similarity between turbulent pipe 
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which leads to a friction factor-Reynolds number rela- 
tionship 

0.664 P =  q? 
Substitution of x from Equation (13) and U,  = 13 u" 

yields 
p = 0.012 

If pressure drop for turbulent pipe flow is defined by 

the friction factor of 0.012 is then applicable for the range 
of conditions, thqt , rqp,re;sent turbulent flow in a smooth 
pipe. This friction factor is observed to be equal to the 
Fanning friction factor at a Reynolds number D U / v  of 
2100. Division of Equation (16) by the conventional 
equation for pressure drop yields the relationship between 
the two friction factors 

2 - P = 0.012 ($) 
f 

A Reynolds number x U / V  can be calculated as a func- 
tion of y +  for the laminar boundary layer with x from 
Equation (13) .  It is interesting to observe that this Reyn- 
olds number increases from zero at the wall to about 900 
at y+  = 4.3. This value is similar to the turbulent Peclet 
numbers shown in Table 3 for the core region of pipe 
flow. A Reynolds number x U / ( E  + v )  can also be esti- 
mated for the wall region in which eddy diffusion is a 
significant contribution. Equation ( 15) represents an eddy 
diffusivity relationship 

2 = 0.00096 y t 3  (17) 
V 

Reynolds numbers calculated using Equations (13) and 
(17) are in the range, of ,900 to' 1100 for the region 
4.3 < y+ < 12. Thus, a critical Reynolds number appears 
to occur in this region. 

The prior paper (10) also showed eddy diffusivities for 

Y* 

Fig. 3. Velocity profile. 
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heat from the temperature profile data of Johnk and Han- 
ratty and Gowen and Smith. The smoothed diffusivity data 
of Venezian and Sage ( 3 2 )  for parallel plates were also 
shown. Figure 2 repeats these data with Equation (17) 
shown for y +  < 12 and the equation 

% = 0.0155 y +  1.9 (18) 
V 

for 12 < y+ < 35. It is observed that Equation (17) shows 
an excellent fit with the experimental data for heat transfer. 

Equations (17) and (18) provide a test of the postulate 
that E" = = E ,  for the wall region. I t  is indicated that 
eH = E ,  because Equation (17) is obtained from mass 
transfer data and is shown to fit cH data. Equations (17) 
and (18) can be assumed to represent eddy diffusivity for 
momentum to obtain a velocity profile from these equa- 
tions. Figure 3 shows such a profile with experimental 
velocity data for comparison. The experimental data are 
those of Deissler ( 3 3 )  obtained by the hot-wire, Hettler 
( 3 4 ) ,  and Sherwood, Smith, and Fowles (35) by a parti- 
cle method, and Popovich and Hummel by flash photoly- 
sis. 

The agreement for the three methods is good for the 
region from the wall to about y+  = 12, and it appears 
that the experimental velocities are less than the profile 
calculated from the eddy diffusivities for heat. At y+ > 15 
the hot-wire data show a higher velocity than the particle 
data, and the particle data show reasonable agreement 
with the profile calculated from the eddy difhsivities for 
heat. Thus, the comparison of the experimental velocity 
data with the calculated profile from the heat data does not 
present convincing proof that the eddy diffusivities for heat 
and momentum are equal in the wall region. 

31 

I 

IC 

k+ 10'  

10 ' 

10 

3 I 10 

Figure 4 shows calculated values of k+ for 0 < y+ < 35 
as a function of the Prandtl and Schmidt numbers with 
Equations (17) and (18) and the numerical integration 
solution. The experimental heat transfer data of Friend 
and Metzner (36) and mass transfer data of Harriott and 
Hamilton (31 ) are shown to represent data with essentially 
all of the resistance in the y+ < 12 region which corre 
sponds to the Prandtl number range greater than 40. The 
heat transfer data of Bernard0 and Eian ( 3 7 ) ,  Dipprey 
and Sabersky ( 3 8 ) ,  Eagle and Ferguson (39), and Hoff- 
man ( 4 0 )  are shown for the Prandtl number range of 2.7 
to 40. The heat transfer coefficient for the region 0 < y+ 
< 35 was calculated from the difference of the experi- 
mental coefficient and the coefficient estimated by numeri- 
cal integration using the Bogue and Metzner equation for 
the 35 < y +  region with the assumption that cH and eV 
are equal. 

The resistance calculated for the core region represents 
it maximum of lS% of the total resistance for these data. 
Figure 4 shows also the heat transfer coefficients for the 
!/+ < 35 region calculated from the temperature profile 
data of Johnk and Hanratty for air, Gowen and Smith for 
water, and Buhr, Carr, and Balzhiser for the NaK eutectic. 
From Figure 4 it is observed that Equation (16) repre- 
sents the transfer coefficients for Prandtl and Schmidt 
numbers greater than 3 and Equation (19) for the region 
from 0.02 to 3. 

kt = 6[-2S28 - 0.6835111 NP? + 0.0285 (NprP1 (19) 

HEAT TRANSFER IN THE CORE REGION 

Figure 5 shows the transfer coefficients for the core re- 
gion ( y +  > 35) estimated from the experimental data of 

0 HEAT TRANSFER DATA 

0 MASS TRANSFER DATA 

A TEMP PROFILE DATA 

a, 
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Buhr, Carr, and Balzhiser and of Talanov and Ushakov 
( 4 1 )  for the NaK eutectic, Dipprey and Sabersky for 
water, and Kolar (42)  for air. The estimated experimental 
coefficients for the core are the difference between the 
experimental coefficients and the coefficients for the wall 
region estimated from Figure 4. The maximum resistance 
of the wall region is about 20% of the total resistance for 
these data. 

A comparison is shown with the transfer coefficients cal- 
culated for the core region by numerical integration using 
the Bogue and Metzner equation with the assumption that 
zH and ty  are equal. The calculated coefficients are ob- 
served to average about 20% higher than the estimated 
experimental coefficients. This is an indication that the 
assumption of equality of zH and ey is reasonable even for 
Prandtl numbers of the order of 0.02. The consistent error 
shown by Figure 5 may be attributed, at least to some 
extent, to error in the estimation of zy from the Bogue and 
Metzner equation for the velocity profile. It has been 
shown earlier in this paper by comparison of Tables 2 and 
3 that the turbulent Peclet numbers calculated from the 
Bogue and Metzner equation indicate that the calculated 
eddy diffusivity is higher than the values obtained from 
the best of the experimental core data. 

Heat transfer in the core region is a function of both 
eddy and molecular diffusion. Heat transfer coefficients for 
the region y+ > 35 were calculated by the numerical solu- 
tion for a range of molecular diffusivities using the Bogue 
and Metzner equation for the velocity profile. The rela- 
tionship for these calculated heat transfer coefficients and 
the molecular thermal diffusivity was 

0 WATER 
a NaK 
V AIR 

D 
A 

kM R35 - = 3.58 
K 

If the total heat transfer coefficient for the core region is 
assumed to be the sum of the coefficients corresponding to 
molecular and eddy diffusion, the core heat transfer coeffi- 
cient is then 

kT = kM 4- kEc (21) 
Equation (21) was applied to the heat transfer data 

shown by Figure 5 to obtain values of kEC from the experi- 
mental data. As dimensionless coefficients, these are found 

EXPERIMENTAL kT, ft/hr 

Fig. 5. Core heat transfer coefficient comparison. 

NR* 

Fig. 6. Core heat transfer coefficients for eddy diffusion. 

to be a function of Reynolds number as shown by Figure 
6 and are represented by 

k+EC = 0.264 - 0.0133 In N R ~  (22) 

HEAT AND MASS TRANSFER MODEL 

Results of the analyses for the core and wall regions can 
be combined to provide a model for heat and mass trans- 
fer coefficients for turbulent flow in a smooth pipe. A 
coefficient for the wall region (y+ < 35)  is obtained as a 
function of the Prandtl or Schmidt number as shown by 
Figure 4. Equation (16) is observed to apply for Prandtl 
and Schmidt numbers greater than 3 and Equation (19) 
is an empirical representation of the data for Prandtl num- 
bers in the range of 0.02 to 3. A coefficient for the core 
region (y+ > 35) is obtained from combination of Equa- 
tions (20), (21),  and (22) to represent molecular and 
eddy diffusion. A resistance combination of these coeffi- 
cients then represents the heat or mass transfer coefficient 
for turbulent flow in a smooth pipe. 

This model differs from the model represented by Equa- 
tion (1) because the wall region, with characteristics of 
laminar flow, is considered separately from the fully tur- 
bulent core region. Thus, this model has the capacity to 
apply for the Prandtl-Schmidt number range of 0.02 to 
100,000, which is the range of the existing experimental 
data. Equation (1) is restricted to a limited range in 
which the wall region is the controlling contribution to 
heat or mass transfer. 

DRAG REDUCING SYSTEMS 

Many studies have been undertaken with regard to the 
physical aspects of drag reduction. The relationship be- 
tween reduction in drag and reduction in the heat transfer 
coefficient has been of particular interest because this pro- 
vides a rigorous test of the semitheoretical correlations for 
heat transfer which are based upon the friction factor. The 
experimental work reported by Gupta, Metzner, and Hart- 
nett (43) for a 0.745-in.-diam. pipe are representative of 
drag and heat transfer data for viscoelastic fluids. Com- 
parison with the Friend and Metzner ( 4 4 )  equation 

(fm ( C , P D / k )  
1.2 + 11.8 ( f /2)”2 ( N p ,  - 1) (Npr)-1/3 

N N ~  = 

(23) 

is of particular interest because this equation has been 
found to apply for the Prandtl number range of 0.5 to 590 
for Newtonian fluids and to “Power-law” non-Newtonian 
fluids (44). Lower values of the friction factor indicate 
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lower heat transfer coefficients from Equation (23),  but 
the reduction in the heat transfer rate should be less than 
the reduction in drag as shown by this equation. The 
Gupta, Metzner, and Hartnett paper gives ‘the comparison 
for experimental data shown in Table 3 for 0.05 wt. % 
ET 597 in water. 

The paper also reports consideration of the ratio of the 
mean-to-maximum temperature difference and the ratio of 
maximum-to-mean velocity terms that are represented by 
constants for Newtonian turbulent flow in Equation (23). 
No realistic variation in these terms can account for the 
reduction in the heat transfer rate. 

The velocity profile analysis used for Newtonian fluid 
heat transfer represents another approach to the drag-heat 
transfer relationship for viscoelastic fluids. Seyer and Metz- 
ner ( 4 5 )  report velocity profile data for 0.1 wt. % ET 597 
in water for a l-in. pipe. Velocity data were obtained from 
photographs of very small air bubbles in the fluid. This 
technique was used because impact and hot-wire methods 
have been questioned for turbulence research with visco- 
elastic fluids. Figure 7 shows the profile data obtained at 
average velocities of 10 and 19.2 ft./sec. The dimensionless 
radial distance for power law fluids is defined as 

Paw 

Paw = TO&/ (To/i? ) ’’‘ 
The velocity profile for Newtonian fluids is also shown 
and a thicker boundary layer is observed for the visco- 
elastic fluid. A boundary layer analysis can be used to 
estimate the eddy diffusivity for this case. 

The Hanratty (46) analysis for the wall region based 
upon the turbulent exchange of mass and momentum with 
the wall yields 

P 

(24) - nv - _  
u*2 4 (UL + ) 2  

Solution of Equations (12) and (24) results in UL+ = 9.3 
which corresponds to y+ = 12. This indicates that the 
source of the fluctuations is y+ of approximately 12 for 
Newtonian flow in a smooth pipe. Popovich and Hummel 
observed that flow is only occasionally turbulent in the 
region y f  < 12. Thus, the frequency data indicate that 
the fluid masses moving against the wall possess a velocity 
corresponding to the limit of the “occasionally turbulent” 
region. The velocity profile for the viscoelastic fluid indi- 
cates that the “occasionally turbulent” region extends to 

‘I 100 

Yf 

Fig. 7. 0.1 wt.  % ET-597 data. 

TABLE 4. COMPARISON OF REDUCTIONS IN DRAG AND HEAT 
TRANSFER RATES 

Flow rate Drag Heat transfer 
(lb./min. ) reduction ( % ) rate reduction ( % ) 

100 
200 

22 
44 

58 
62 

Y+ - 40 and UL+ = 28. Substitution in Equation (24) 
shows 

n v  

U*2 
- = 1 x 10-3 

Assumption of a boundary layer of y+ = 7 and an average 
boundary layer velocity of 3.5 u *  results in 

V 
X = 3500 - 

U* 

Substitution in Equation (14) of this value of x and U, = 
4 1 ~ ’  corresponding to y+ = 100 for the viscoelastic fluid 
provides 

k = 0.0336 U* ( N s c )  -2’3 
and 

€ 

V 
(25)  - = 0.000067 y f 3  

Comparison of Equations (17) and (25) indicates that 
the eddy diffusivity near the wall is about 7% of that for 
a Newtonian fluid. Numerical integration using the velocity 
profile from Figure 7 with cH = cy  for y+ > 40 and Equa- 
tion (25) for y+ < 40 shows that the heat transfer coeffi- 
cient is 10% of that for water at a velocity of 10 ft./sec. 
and the drag is 39% of that for water at this velocity. The 
numerical integration also provides a check on the average 
velocity from the integrated profile. For this case, the 
value was 9.85 ft./sec. which is excellent agreement with 
the actual velocity of 10 ft./sec. Experimental heat trans- 
fer data are not available for this flow rate of 0.1 wt % 
ET 597 in a l-in. pipe, so there is no check on the calcu- 
lated heat transfer rate. Comparison with the data in Table 
4 shows a heat transfer reduction much greater than the 
drag reduction, and at least the calculated heat transfer 
rate shows the same result. 

SUMMARY 

Analysis of temperature profile data for the turbulent 
core indicates that the ratio of the eddy diffusivities of 
heat and momentum are approximately unity for data 
with the Prandtl number range of 0.029 to 14.3. Tempera- 
ture profile data for the wall region show that eddy dif- 
fusivity for heat data in the range 5 < y+ < 12 are 
consistent with the eddy diffusivity for mass relationship 
obtained from mass transfer data at high Schmidt num- 
bers. This relationship is also approximated by a model 
for developing flow in the laminar sublayer with a fluctua- 
tion frequency reported by Sirkar and Hanratty. Numeri- 
cal integration of the velocity profile with the wall region 
eddy diffusivity relationships provides heat transfer coeffi- 
cients for constant heat flux that are in good agreement 
with experimental data for this region. 

Calculation of heat transfer coefficients by numerical 
integration with the Bogue and Metzner equation for the 
core velocity profile wih cH = cy  results in coefficients that 
are about 20 % higher than experimental values. Equations 
are developed for dimensionless coefficients for the wall 
region and for the core to provide a model for heat and 

AlChE Journal (Vol. 17, No. 4) Page 908 July, 1971 



mass transfer for the Prandtl-Schmidt number range of 
0.02 to 100,000. Estimation of the heat transfer coefficient 
from the velocity profile for a viscoelastic fluid shows a 
greater reduction in heat transfer rate than in drag. This is 
consistent with experimental observations. 

NOTATION 

a 
D 
f 
Y 
g c  
K 
K 
k 
k+ 

“lb 

N p e  
N P r  
N R e  
N s c  

- 

n 
T i  
AP 
R35 

U 
U ,  

U L  + 

U +  

r 

U 

= pipe radius, ft. 
= pipe diameter, ft. 
= Fanning friction factor 
= friction factor for Equation (16) 
= conversion constant, ft. Ib. mass/lb. force/hr.* 
= thermal diffusivity, sq.ft./hr. 
= consistency index, lb. mass hr.;/sq.ft. 
= mass transfer or heat transfer coefficient, ft./hr. 
= dimensionless mass transfer or heat transfer co- 

efficient, k ~ / u *  
= Nusselt number 
= Peclet number 
= Prandtl number 
= Reynolds number 
= Schmidt number 
= frequency, hr.-l 
= flow behavior index, dimensionless 
= pressure drop for pipe 
= pipe radius from centerline to y+ = 35, ft. 
= radial distance from pipe center line, ft. 
= mean velocity 
= free stream velocity, velocity at  y+ = 35 for New- 

= velocity in axial direction, ft./hr. 
= dimensionless velocity in axial direction of fluid 

= u/u* 

tonian turbulent pipe flow 

mass before contact with the wall, ft./hr. 

u’ = d r o g c / p ,  ft./hr. 
x 
y 

= distance from leading edge of plate 
= perpendicular distance from wall, ft. 

y+ = y u * / v  

Greek Letters 
6 = eddy diffusivity, sq.ft./hr. 
p 
paw 

7 
v 
6 = y/a 
p 
T~ 

Subscripts 

c = center line 
E = experimental 
EC = eddy diffusion, core 
H = heat 
M = molecular diffusion 
m = mass 
T = total core 
v =momentum 

= fluid viscosity, Ib. mass/ft.hr. 
= apparent viscosity evaluated iat wall1 shaar stress, 

= dimensionless distance from wall, y d m  
= kinematic viscosity, p / p ,  sq.ft./hr. 

= fluid density, lb. mass/cu.ft. 
= shear stress at  wall, lb. force/sq.ft. 

lb. mass/ft.hr. 
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